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Abstract: Let A G Q \ {0, 1} and I > 2, and denote by the nonsingular projective 
^ algebraic curve over Q with affine equation given by 

(N- y l — x(x — l)(x — A). 



In this paper we define Q(Ci : \) analogous to the real periods of elliptic curves and find 
a relation with ordinary hypergeometric series. We also give a relation between the 
number of points on over a finite field and Gaussian hypergeometric series. Finally 
we give an alternate proof of a result of [T3] . 
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^ . 1. Introduction 

\ Hypergeometric functions and their relations with algebraic curves have been studied 

by many mathematicians. For a , a\, . . . , a r , b\, b 2 , ■ ■ ■ , b r G C, the ordinary hypergeo- 
metric series r+ \F r is defined as 

oo; 

„ / a , ai, a r , A v-^ ( a o)n(ai) n • • • (a r ) n z 



where (a) = 1, (a) n := a(a + l)(a + 2) . . . (a + n — 1) for n > 1, and none of the 6 4 is 
a negative integer or zero. This hypergeometric series converges absolutely for \z\ < 1. 
The series also converges absolutely for \z\ = 1 if Re(J^ b{ — ^2 a^) > and converges 
conditionally for \z\ = 1, z ^ 1 if > Re(^ &i — XI a «) > — 1- For details see [TJ chapter 
2]- 

In [5] Greene introduced the notion of Gaussian hypergeometric series over finite 
fields. Since then, the interplay between ordinary hypergeometric series and Gaussian 
hypergeometric series has played an important role in character sum evaluation [7] , the 
representation theory of SL(2, R) [S] and finding the number of points on an algebraic 
curve over finite fields [T2]. Recently, J. Rouse [T5] and D. McCarthy [TT] provided an 
expression for the real period of certain families of elliptic curves in terms of ordinary 
hypergeometric series. They also provided an analogous expression for the trace of 
Frobenius of the same family of curves in terms of Gaussian hypergeometric series, 
which developed the interplay between the two hypergeometric series more fully. 

We will now restate some definitions from [5] which are analogous to the binomial 
coefficient and ordinary hypergeometric series respectively. Throughout the paper p is 
an odd prime. We also let ¥ p denote the finite field with p elements and we extend all 
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characters x °f to ¥ p by setting x(0) = 0. For characters A and B of ¥ p , define (^) 



where J(A, B) is the Jacobi sum of the characters A and B of ¥ p and 5 is the inverse 
of B. With this notation, for characters Aq, Ai, . . . , A n and B±, B2, . . . , -B n of F p , the 

Gaussian hypergeometric series n +\F n ( °' ' ^ n | 2 J over F p is defined 



as 



where the sum is over all characters x of F p . 

Let A G Q \ {0, 1} and I > 2, and denote by the nonsingular projective algebraic 
curve over Q with affine equation given by 

y l = x(x - l)(x - A). (3) 

The change of variables (x,y) i-> (a; + |) takes (j3J) to 

y z = 2 / (x-a)(x-6)(x-c), (4) 

where a = & = and c = ^p. 

We now define an integral for the family of curves ([3]) analogous to the real period 
of elliptic curves. 

Definition 1. The complex number Q(Ci.\) is defined as 

n(^):=2jfA, (5) 
where x and y are related as in (J3J) . 

Definition 2. Suppose p is a prime of good reduction for C^\. Define the integer 
a p {C h x) by 

a p (C l>x ) := l+p-#C ljX (¥ p ), (6) 

where #Ci\(F p ) denotes the number of points that the curve has over¥ p . 

It is clear that a prime p not dividing I is of good reduction for C^x if and only if 
ord p (A(A - 1)) = 0. 

Remark 1.1. Let 1^3. Then 

#Q, A (F p ) = 1 + #{{x, y)e¥ 2 p :y l = x(x - l)(x - A)}. 

Indeed, for I > A, the point [1:0:0] is the only point at infinity. Similarly, if I = 2, 
the point at infinity is [0 : 1 : 0] . 

Let I = 3 and p = 1 (mod 3). Let w eF p x be of order 3. Then there are three points 
at infinity, namely, [1 : 1 : 0], [1 : cu : 0], and [1 : u 2 : 0]. Hence, in this case, 

#C,,a(F p ) = 3 + #{{x, y)e¥ 2 :y l = x(x -!)(*- A)}. 
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Again, if I = 3 and p = 2 (mod 3), t/ien £/ie pom£ at infinity is [1 : 1 : 0]. 

Remark 1.2. Ifl = 3, Ci t \ is an elliptic curve. Dehomogenizing the projective curve 
C*3 5 a : y 3 = X(X — Z)(X — AZ) fry putting X = 1 and tnen making the substitution 

Y -> Ax, Z -> A f y + 1 ' 



2A 2 

we /md £aa£ C^a is isomorphic over Q to i/ie elliptic curve 

A - 2 



Remark 1.3. Ifl = 2, then equation ([3]) gives an elliptic curve in Legendre normal 
form with real period ^(C^a) , and a p {C2,\) is the trace of the Frobenius endomorphism 
on the curve over¥ p . 

We now recall two results relating ^(C^a) and a p {C2,\) to hypergeometric series. 

Theorem 1.4. [HI [13] If < A < 1, t/ien t/je rea/ period ^(C^a) satisfies 

Q(C 2 ,a) _ f 1/2, 1/2 

7T \ 1 

Theorem 1.5. [EJEE2] 1/ ord p (A(A - 1)) = 0, toen 

<j>(-l)a p (C 2 ,x) =2Fl ( <f>> ^ I 

where <fi and e are the quadratic and trivial characters of ¥ p respectively. 

In this paper we generalize these results to the algebraic curves C^\. The aim of this 
paper is to prove the following main results. 

Theorem 1.6. I/O < A < 1, then Vt(C^\) is given by 

air \ - < r <T» 2 p ( (' " 1)/'. 1/' I > 

Theorem 1.7. 7/p = 1 (mod I) and ord p (A(A — 1)) = 0, then a p (Ci ; \) satisfies 

P'&'HVif^ Ki I a), if 1^3; 
i=i ^ ' 

/ — i \ 
2 + p-^X t (-A 2 ) 2 F 1 ^' * 2i |Aj, z// = 3 ; 



-Op(Cj,a) = < 



where % is a character of F p of order I 
Theorem 1.8. For A = \, we have 



' m*) = -k^r- (8) 



TO)) 



1^2 ^V^t.Ay / 3-2Z 

2i 
2-1 
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Moreover, if p = 1 (mod I), then 



-a p (Ci t ) 



■in 



i=l 
l-l 



X 



X 

-2t 



,-2i 



if 2 y- is odd and / 7^ 3 ; 



X 



+ 



2 + P-E 



i=i 



+ 



x- 1 

where x is a character of ¥ p of order I and <j) is the quadratic character. 

Here we extend the definition of binomial coefficient to include rational arguments 

/' \ r(n + 1) 



if 2-p is even and I 7^ 3; (9) 
if I = 3, 



via 



kj F(k + l)r(n - k + 1) ' 
We also give a simple proof of the following result of J. Rouse (note that Q^) is 
real) . 

Theorem 1.9. [331 Theorem 3] If X = 1/2, then 



V2 
2tt 



1/4 
1/2 



If p = 1 (mod 4), £/ien 



— = «p(^2,a) = Re 1 

2p 



where xa is a character on ¥ p of order 4 and the quadratic character. 

2. Preliminaries 

We start with a result which enables us to count the number of points on a curve 
using multiplicative characters on F p (see [H Proposition 8.1.5]). 

Lemma 2.1. ZetaGF*. Ifn\(j> — 1), t/ien 

#{x G F p : 2™ = a} = ^x(a), 
where the sum runs over all characters x °n F p 0/ order dividing n. 

Now we recall some standard facts regarding ordinary and Gaussian hypergeometric 
series. First, the ordinary 2 Fi hypergeometric series has the following integral repre- 
sentation [J[ p. 115]: 



2*1 



( a, b 






X j 







2T(c) 



T(b)T(c - 6) J 



tt/2 



sin t) 26 " 1 (cost) 



2c- 26-1 



xsin t) c 



-dt. 



(10) 



where Re c > Re 6 > 0. Also, by ([I]) and (jSJ) the Gaussian 2 Fi hypergeometric series 



over F p takes the form 
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where e denotes the trivial character. 

Next we note two transformation properties of ordinary hypergeometric series. Rum- 
mer's Theorem (2j p. 9] is given by 



2Fl[ ■ — ■ |_ a) ' (12) 



1 + 6 -a 1 y r(i + 6)r(i 

while Pfaff's transformation [T5J p. 31] can be stated as 



Greene (5j p. 91] proved the following Gaussian analogs of these transformations: 
A B 



* F >I f B I" 1 = C U FY if B = 0> <"> 



0, if -B is not a square; 

. a + 

and 

/ j "t i \ f 0) if -B is not a square; 

' ^ l 5 )=A(-2)| (g + (*f), ffB = C ., < 15 > 

where is the quadratic character of F p . 

3. Proof of the results 

Proof of Theorem 11.61 Recalling (JJJ), from the definition of Q(C^\), we have 

p6 rfx 



fi(Ci, A ) = 2 / 

a 



/a 2'- 1 {(a;-a)(a;-6)(x-c)}— 

Note that for a < x < b and < A < 1, (x — a) is positive, while (x — 6) and (x — c) 
are negative. Hence Q,(Ci t \) is real. 

Putting (x — a) = {b — a) sin 2 9, we obtain 

n(C a) = 2 f 2(6 -a) singed ^de 

Jo ^[(b - a) sin 2 8{b - a) cos 2 8{{c- a) - {b - a) sin 2 O}]^ 1 

1 r /2 (6-a)¥(sin0)¥(cos0)¥ 

—rdQ. 



2'- 3 7 {(c-a) -(6 -a) sin 2 6}^ 
Using (6 — a) = A and (c — a) = 1 yields 

n ( c iA)= ^r^^- i ^ g ) a l ^- i dg 

1 ,J 2'-3A¥7o (l-Asin 2 ^ 



2^A¥r(f) 2 L \ 2// 
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where the last equality follows from f lTUj) . This completes the proof of the theorem. □ 
Remark 3.1. If we put I = 2 in Theorem ! 1.61 we obtain Theorem \1.4 



Remark 3.2. As mentioned in Remark \1.2\, C^x is isomorphic over Q to the elliptic 
curve (J7J). It would be interesting to know if there is any relation between ^(C^a) and 
the real period of (JTj) . 

Proof of Theorem 11.71 Since p = 1 (mod /), there exists a character x of order I on 
F p . Using ( ITT]) , we have 

X><(-aW ? ' £ i a) 

= £ ^(-A 2 )^^ £ xX*)Fx 2i (l - - At) 

= £ ^(-A 2 )^4^ £ X*(*)x'(l - t)x l (l - At). 
Replacing t by |, we get 

p'E^-av^' £ i a) = ££**(*(* -i)(*-a)) 



i=l ^ teFp 



i=l 

l-l 



= J2J2x l (t(t-l)(t-X)). (16) 

tGFp i=l 

Moreover, 

#{(x,y)eFj:^ = x(x-l)(x-A)} 

= £#{y eF p :y' = f(t-l)(f-A)} 

teF p 

E #{?/ e F p : ^ = *(t - l)(t - A)} + #{t G F p : t(t - l)(t - A) = 0}. 

teF p ,t(t-l)(t-A)^0 

Now applying Lemma [2. II and (I16p . we obtain 

#{(x,y)e¥$:tf = x(x-i)(x-\)} 

2-1 

= E E -!)(*- A )) + G F p : *(* - l)(t - A) = 0} 

ieFp i=0 

l-l 

=p+£Ex < (*(*- !)(*-*)) 



i=l \ x / 
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Since ord p (A(A — 1)) = 0, using (jSJ) we complete the proof of the result. 
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Remark 3.3. Theorem ! 1.$ can be obtained from Theorem \1.7\ by putting I = 2. Note 
that for the quadratic character <ft of¥ p , we have </>(— A 2 ) = 0(— 1). 

For I > 3, the genus of the curve is ■ The Hasse-Weil bound therefore 

yields the following result. 

Corollary 3.4. Suppose I > 4. If p = 1 (mod /) and ord p (A(A — 1)) = 0, then 

(/-!)(/ -2) 



2-1 



^(-A 2 )^ 



4 = 1 



x , r 



2? 



A 



< 



where \ is a character of¥ p of order I. 
If I — 3, then 



2 + p-^X i (-A 2 ) 2 Fi 



i=l 



X, X 
X 



21 



A 



where \ is a character of¥ p of order 3. 

Corollary 3.5. If p = 1 (mod 3) and x 2 + 3y 2 = p, then 



X , X 

1 1 x 2 * 



' I — (—l) x+y (|)-2x-2, 



where x ^ s a character of¥ p of order 3. 



Proof. As mentioned in Remark 11.21 £3,-1 is isomorphic over Q to the elliptic curve 



x 3 + 1. By [I~2~| Proposition 2], it is known that a p (C; 



y 

Now the result follows from Theorem 11.71 



3,-1, 



□ 



Remark 3.6. The formula for a p [C^^\) in Theorem \ 1 . 7| gives the trace of Frobenius of 
the family of elliptic curves ([7]) . 



Proof of Theorem 11.81 By ffT2l . we have 

(I - l)/l, l/l . 



iF± 



2/1 



r(f)r(^) 

r(j) 
rxfjTx^T) 

j_ 

1 



3-22 

22 
2-2 

2 



(17) 



<s 



Rupam Barman and Gautam Kalita 



Putting A = 1/2 in Theorem II .6[ we obtain the relation 




l/l ,1 
2/1 1 2 



2/1 1 L ) 



(18) 



From ( TT71) and (TTB]) . we complete the proof of (jHJ). 

Now, we shall prove the second part of the result. Note that p is an odd prime. 
Write x = w i where w is a generator of the group of Dirichlet characters mod p. Let 
o(w) denote the order of w. Then o(w) = p — 1 and I = o{w k ) — (p — l)/gcd(k,p — 1). 
So (p — l)/l = gcd(k,p — 1). If (p — l)/7 is even, then /c is also even, hence x is a 
square. Conversely, if x is a square, it is an even power of the generator w, hence k is 
even, and (p — \)/l = gcd(k,p — 1) is even. This implies that x is a square if and only 
if (p—l)/l is even. Moreover, x % is a square for even values of i, and for odd values of 
i, x % is a square if and only if x is a square. Using these, from Theorem 11.71 and f|T51) . 
we complete the proof of . □ 

In [TS], J. Rouse gave an analogy between ordinary hypergeometric series and Gauss- 
ian hypergeometric series by evaluating Vt{C 2 i ) and a p (C 2 i ) in terms of hypergeomet- 
ric series. We now give an alternate proof of [T3| Theorem 3, p. 3]. 

Proof of Theorem II. 9L Putting I = 2 in (jHJ), we obtain 



For the second part, recall that p = 1 (mod 4). Putting I = 2 in (jHJ), we find that 




which yields 




since 



(- 1 / 4 ) = 1 and r(|) = v^F. 




since x\ — 4>- Clearly (pXi = Xi-, and this implies that 
that 0(8) = 0(2), we obtain 



0X4 

. 



) 







) 



. Also, observing 




Since p = 1 (mod 4), we have that </>(— 1) = 1 and the result follows. 



□ 
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Simplifying the expressions for a p (C l 1) given in Theorem II .81 we obtain the following 
result which generalizes the case I — 2, p = 1 (mod 4) treated in Theorem 11.91 

Corollary 3.7. Suppose that p = 1 (mod /). Then we have 



-a p (C, 



2p 



0(2)Re(* 4 ) +]TRe 



1-4, 
4 



i=l 



X 



-2i, 



X 

,-2i 



,-2i 



yX 7 \X~ 

if ^j- is odd and I = (mod 4); 



1-2 
4 



2p-^Re 



8=1 



X 



2p 



-2ii 



0(2)Re(^ 4 ) +^ReU- 2l (8 



V 

l — [ — _ 

x 2 y vx 2 ' 



1-2 
2 



1=1 



if '2-y- is odd and I = 2 (mod 4); 



if ^y- and / are even; 



2 



2p • Re 

i=i 

2 + 2p • Re 



-2ii 



+ 



1p 2t J \1p 2l y 

if is even and I is odd, I > 5; 

3 + (x)l- ! ^ 3; 

(19) 



where i/j,x,X4 are characters of¥ p of order 21,1,4 respectively and is the quadratic 
character. 

Corollary 3.8. If p = 1 (mod 3) and x 2 + 3w 2 = p, then 



p ■ Re 



(*)+(x)H^(f 



• X — 1, 



where x ^ s a character of order 3 on F p and zs t/ie quadratic character. 



Proof. As mentioned in Remark ll.21 C3-1 and C 3 1 are isomorphic over Q to the elliptic 
curve y 2 = x 3 + l. By [T21 Proposition 2], it is known that a p (C 3 _i) = (— l) i ' +J/_1 (|)-2x. 
From Corollary 13.71 we have 



-a p {C 3 i) = 2 + 2j9-Re 
Since a p (C , 3 i _i) = a p (C 3 1), the result follows. 



x) \x 



□ 
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